The hypothesis of the self-induced collapse of the inflaton wave function was introduced as a candidate for the physical process responsible for the emergence of inhomogeneity and anisotropy at all scales. In particular, we consider different proposal for the precise form of the dynamics of the inflaton wave function: i) the GRW-type collapse schemes proposals based on spontaneous individual collapses which generate non-vanishing expectation values of various physical quantities taken as ansatz modifications of the standard inflationary scenario; ii) the proposal based on a Continuous Spontaneous Localization (CSL) type modification of the * mpp@fcaglp. Schrödinger evolution of the inflaton wave function, based on a natural choice of collapse operator. We perform a systematic analysis within the semi-classical gravity approximation, of the standing of those models considering a full quasi-de sitter expansion scenario. We note that the predictions for the Cosmic Microwave Background (CMB) temperature and polarization spectrum differ slightly from those of the standard cosmological model. We also analyse these proposals with a Bayesian model comparison using recent CMB and Baryonic Acoustic Oscillations (BAO) data. Our results show a moderate preference of the joint CMB and BAO data for one of the studied collapse schemes model over the ΛCDM one, while there is no preference when only CMB data are considered. Additionally, analysis using CMB data provide the same Bayesian evidence for both the CSL and standard models, i.e. the data have not preference between the simplicity of the LCDM model and the complexity of the collapse scenario.
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Introduction
The assumption of an inflationary period at the very early stages of the universe's history is usually considered part of the standard cosmological model, [1] [2] [3] [4] and the physics of such period is viewed as providing an account for the observed cosmic structure. [5] [6] [7] [8] [9] [10] According to this picture, during the inflationary era, the evolution of the universe is described by a Friedmann-Robertson-Walker (FRW) background cosmology with an accelerated expansion. In the simplest inflationary model, the expansion is driven by the potential of a single scalar field: the inflaton. Additionally, the quantum fluctuations of the inflaton are characterized by a simple vacuum state that is exactly symmetric, being the symmetry the homogeneity and isotropy of the quantum state. However, when considering the standard inflationary scenario more carefully an important issue arises, namely, the transition from a perfect symmetric state in the early universe to the present non-symmetric state of the current universe, which cannot be attributed to the quantum unitary evolution. This shortcoming of the inflationary scenario has been extensively discussed [11] [12] [13] and a proposal to deal with has been developed. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] The most important ingredient of this proposal is to introduce the self-induced collapse hypothesis: an internally induced collapse of the inflaton wave function as the physical mechanism responsible for the emergence of inhomogeneities and anisotropies at each particular length scale. It must be emphasized that we are not calling into question the standard inflation/ΛCDM paradigm. Our proposal simply incorporates to the inflationary model a physical process capable of turning the homogeneity and isotropy of the vacuum state into actual inhomogeneities and anisotropies.
Our formulation of the collapse proposal assumes that at the early inflationary stage during the cosmic evolution, there was a spontaneous "jump", or a continuous series of infinitesimal "jumps", of the quantum state associated to a particular mode of the quantum field. That is very similar to what is usually taken to characterize the measurement process of Quantum Mechanics, which results in the quantum mechanical collapse of the wave function. However, in this approach, there is no external measuring device or observer that is responsible for triggering such collapse. The question one faces then is to explain the physical mechanism responsible for such spontaneous collapse. Various authors have proposed that the collapse of the wave function is a physical process induced by unknown aspects of quantum gravity. [21] [22] [23] [24] On the other hand, various proposals based on an objective dynamical reduction of the wave function have been developed in different contexts than the cosmological one. [24] [25] [26] [27] The aim of those proposals is to provide a solution to the quantum measurement problem, which in the particular case of cosmology is exacerbated by the absence of a well defined notion of observers, measurement devices, that might play a special role in the early universe.
It is also important to mention that the conceptual issue we are discussing is sometimes referred in the literature as the quantum-to-classical transition of the primordial perturbations. We note in this regard, some authors argue that decoherence 28, 30, 31, [33] [34] [35] [36] and/or the squeezing nature of the evolved vacuum state of the inflaton 29, 30, 37 provides a complete resolution of the problem. Nevertheless, as discussed in detail in, 12 we do not endorse to such claims mainly because the squeezed nature of a quantum state can not be taken as an indication that the system has become classical, nor that the symmetries of the quantum state have disappeared. In fact, one can always find a new set of operators in which the evolved (squeezed) state will look like a "standard vacuum." For instance, if we consider the simple quantum harmonic oscillator, we can write the usual creator and annihilation operators asâ = (1/ √ 2)(e s0x + ie −s0p
),â † = (1/ √ 2)(e s0x − ie −s0p ) with e s0 = √ mω and usual commutator relations. We can now define (without changing the system or its Hamiltonian) for arbitrary values of s, new operatorsâ s = (1/ √ 2)(e sx + ie −sp ),â † s = (1/ √ 2)(e sx − ie −sp ) which are related to the original creation and annihilation operators through a "Lorentzian rotation" and obey [â s ,â † s ] = 1. However following the reasoning of e.g. 33 we would have that in the limit when s → ∞, the fact thatx andp do not commute becomes irrelevant and therefore we are in an essentially classical situation, where for each value ofâ s there is a corresponding value ofâ † s . The former argument would imply that, through the simple act of choosing to express things in terms of suitable variables, we can change the nature of a purely quantum mechanical system into something which is essentially classical. The direct connection with the inflationary scenario is evidenced when nothing that the former construction is just what is used to define squeezed states. Additionally, that construction is precisely what characterizes the Bogoliubov connection between the creation annihilation operators that can be taken as natural (in the sense of leading to a simple form for the instantaneous Hamiltonian) in the early times and the corresponding ones for late times. Another approach to ad-dress the so called classicalization of the primordial perturbations, point to the Everett "many-worlds" interpretation of quantum mechanics. [38] [39] [40] However, it has been shown that none of these approaches (decoherence, squeezing of the vacuum state, many-worlds, etc.) can offer a completely satisfactory solution to the problem at hand (see refs. 11-13, 15, 17 for the conceptual and formal details of this issue). Other attempts based on non-local hidden variable theories have been considered, 41, 42 but it must be noted that, just as the present one, those approaches go beyond standard quantum theory.
As we have already mentioned, once we assume the self-induced collapse of the wave function, the following task is to precisely describe the dynamics of such a process. For this purpose, there are two approaches that have been developed recently: i) a purely phenomenological approach, which is described by a general parametrization of the quantum state after collapse; we will refer to this as collapse schemes approach 14, 18, 19, 43 ii) the proposal based on the use of an adaptation to cosmology of the Continuous Spontaneous Localization (CSL) model [25] [26] [27] where a modification of the Schrödinger equation leads naturally to the eventual collapse of the inflaton wave function.
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In the collapse schemes approach, we characterize the post-collapse state by the quantum expectation values of the field and its conjugated momentum. As a consequence of the collapse , those expectation values change from being zero, when evaluated in the vacuum state, to having non-vanishing value in the post-collapse state. Each collapse scheme leads to a particular pattern for the post-collapse expectation values, leaving an imprint in the primordial power spectrum. As a consequence the predictions for the Cosmic Microwave Background (CMB) spectrum changes with respect to the standard inflationary models one. Therefore, it can be used to constrain these models with recent observational data. In previous works, the so called independent, Newtonian and Wigner schemes have been carefully analyzed. 14, 18, 19, 43 In all cases, it has been obtained for the primordial power spectrum of scalar perturbations, an expression of the form P (k) = A s k ns−1 Q(k) where Q(k) is a function characterizing the details of the specific hypothesis regarding the collapse, and which, in particular takes different forms for each collapse scheme. It has been shown that for those collapse schemes, if the conformal time of collapse of each mode of the field is given by η c k = A/k with A being a constant, then the standard prediction for primordial power spectrum of the standard inflationary accounts is recovered. Furthermore, two deviations from the aforementioned parametrization of the time of collapse have been proposed: i) η c k = A/k + B/k 2 and ii) η c k = A/k+B with B a constant. Both type of deviations lead to modifications in the temperature and polarization power spectrum in the large and small scales respectively.
Comparison with recent CMB data, namely from the Planck collaboration (2015), has been performed for the case i) of the collapse time. In particular, we have shown that the Wigner scheme scheme provides the same Bayesian evidence as the minimal standard cosmological model (ΛCDM), 2 while the New-
2 By standard cosmological model (ΛCDM) we understand a specific choice of the cosmo-tonian scheme is weakly disfavored with respect to the standard cosmology.
On the other hand, comparison with data from the WMAP collaboration and Sloan Digital Sky Survey with the latter choice for the conformal time, has been performed in ref. 18 However, in the parametrization corresponding to case (ii), the underlying theoretical model was based on an almost exact de Sitter background (Ḣ = constant = 0), which resulted in a theoretical prediction for the power spectrum with n s = 1. A more realistic theoretical analysis was carried out in ref.
, 19 where a quasi-de Sitter background was considered. In the present work, we compare the predictions of the Newton and Wigner collapse schemes for the second choice of the conformal time of collapse (ii), 19 with recent CMB data from the Planck collaboration (2015) and Baryonic Acoustic Oscillations (BAO) data.
The application of the CSL collapse model, to inflation was first analyzed in the context of semiclassical gravity with an (almost) exact de Sitter background in Ref. 20 Furthermore the use of CSL model in the context of inflation as treated instead in terms of the Mukhanov-Sasaki variable (which involves the quantization of both the inflaton filed and the metric perturbations) has been considered in [44] [45] [46] [47] [48] [49] [50] (see also 51 ). In this work, we extend the analysis within the semiclassical gravity framework while considering a quasi-de Sitter background metric. Moreover, we perform a statistical analysis to compare the predictions obtained using the CSL approach, with recent CMB data.
For all the models analyzed in this paper, we have performed a Bayesian statistical analysis and a Bayesian model comparison in order to determine, irrespective of all conceptual issues, whether the data support such a scenario when compared to the standard one based on a minimal ΛCDM model. The paper is organized as follows: In section 2, we briefly review the collapse hypothesis within the semiclassical gravity approximation and summarize both collapse mechanisms analyzed in this paper: the collapse scheme approach and the one based on the adaptation to the cosmological setting of the CSL model. In section 3, we review the expressions for the primordial power spectrum calculated in ref. 19 for the collapse schemes. Furthermore, we calculate the primordial power spectrum for the CSL model in a quasi-de Sitter background for the first time. In addition, we analyze the effect of the proposed treatments on the CMB temperature angular spectrum and describe the results in terms of an appropriate parametrization. Afterwards, in section 4, we introduce the computational and statistical tools, and the data set used in our analysis. In section 5, we present the results of our analysis and the constraints on the cosmological and collapse parameters. Finally, in section 6, we summarize the main results of the paper and present our conclusions.
logical parameters plus the standard inflationary model, in contrast with the collapse models, where the collapse hypothesis is assumed for inflation and the cosmological parameters remain unchanged
The model
In this section, we briefly review the key aspects of inflationary models with a self-induced collapse of the inflaton wave function. For a detailed description of this framework, we refer the reader to refs. 11, 14, 18, 19 Regarding notation and conventions, we will work with signature (−, +, +, +) for the metric; primes over functions will denote derivatives with respect to the conformal time η, and we will use units where c = = 1 but keep the gravitational constant G.
At this point it is worthwhile clarifying the general ideology behind the manner we investigate the interface between gravitation and quantum. Most modern research programs concerned about this question start by postulate the full quantum gravity theory inspired by lines of thought that lead to conjectures about what ought to be taken as fundamental language to deal with the issue, mathematical elegance and so forth, (for instance LQG or String theory or Causal Sets approach) and then the program seeks to make connection with theories whose validity in the appropriate regime is taken as well established (e.g. General Relativity or Quantum Field Theory) or even sometimes the quest is directly to seek connections with the empirical accessible world. These approaches often face the questions of how to connect with observations, and substantial amount of work, some of it involving "reasonable guesses" (but guesses nonetheless), to even reach that point. That is, what we call the bottomup approach to physics. We approach the issue in the opposite direction, using what we call the top-down approach: This is based on being agnostic regarding the nature of the fundamental theory, and instead considering extrapolation of rather well stablished theories (General Relativity together with Quantum Field Theory in curved space-time) to regimes where such inquires are expected to face very delicate issues. We then try to find simple manners to bridge these difficulties and then study whether or not the results are reasonable (i.e do they agree with observations? or do they fit together with other clues about the regimes of interest?). This is not to be construed as a criticism to the standard approaches. We in fact think the two are reasonable paths of inquire, but the point is that we must recognize that each one of those faces the most difficult problems are at different stages of the program.
As in standard slow-roll inflationary models, we consider the action of a single scalar field, minimally coupled to gravity, with an appropriate potential:
The background metric is described by a FRW spacetime. In conformal coordinates, the components of the background metric are g
µν = a(η)η µν , with η the conformal cosmological time and η µν the components of the Minkowskian metric, and a(η) is the scale factor. During slow-roll inflation, the scale factor can be approximated by a(η) −1/[Hη(1 − 1 )], with H the Hubble factor, which during inflation is approximately constant. The Hubble slow-roll parameters, are defined as 1 ≡ 1 − H /H 2 , 2 ≡ 1 /H 1 , and both are very small context of the slow-roll approximation the slow-roll parameters are related to the inflaton potential through,
Within the slow-roll approximation, the equation of motion for the background field is 3Hφ 0 = −a 2 ∂ φ V . The standard procedure is to split the scalar field and the metric into background plus perturbations, i.e. g ab = g
ab + δg ab and φ( x, η) = φ 0 (η) + δφ( x, η). At leading order in the scalar perturbations of the background metric, 3 assuming no anisotropic stress, and working in the longitudinal gauge, imply that the line element associated to the scalar metric perturbations is
Before addressing the modified quantum dynamics and its impact in the treatment of the infationary cosmology, we present the framework that underlies our characterization of space-time metric and that of the inflaton field. This framework is based on the semiclassical gravity approach, in which the matter fields are treated quantum mechanically while the gravity is treated in classical terms. 5 Note that this is a distinct view from the standard approach in which the perturbations of both the metric and the matter fields are treated in quantum mechanical terms. The framework we employ is thus based on Einstein's semiclassical equations,
We must mention the fact that direct calculations indicate the quantum uncertainties inT ab in this situation are in principle very large 55 (in fact strictly speaking and when considered at a given spacetime point these would be infinite), and that might be taken as casting doubts about the validity not only of semiclassical gravity but also of any kind of perturbative approach underlying all treatments of cosmological perturbations. Nevertheless, the fact that one obtains reasonable results, indicates the problem is not insurmountable, and that some cutoff mechanism must be at play. 6 It should be noted however that in the assessment of these issues one should be careful to compare the uncertainties in the energy momentum tensor with the expectation value of a full energy momentum tensor (a quantity that is extremely large during inflation) and not just that of the space dependent perturbations. The problem however clearly deserves further study.
In our approach the initial state of the quantum field is taken to be the same as the standard one, namely the Bunch-Davies vacuum. Nevertheless, the self-induced collapse will spontaneously change this initial state into a final one that does not need to share the symmetries of the Bunch-Davies vacuum. Henceforth, after the collapse T ab will not have the symmetries of the initial state, and this will led through Einstein semiclassical equation, to a geometry, that. generically, will no longer be homogeneous and isotropic. In particular, focusing on the metric scalar perturbation Ψ Einstein's semiclassical equations in Fourier space, at first order in the perturbation theory, led to:
where M 2 P ≡ 1/8πG the reduced Planck mass. Considering an homogeneous and isotropic vacuum state for the field would lead to 0|δφ k |0 = 0. It follows from eq. (5) that in the vacuum state Ψ = 0 and consequently the spacetime is perfectly homogeneous and isotropic. It is only after after the self-induced collapse of the wave function, associated to each mode of the inflaton, that δ φ k = 0, giving rise to the emergence of the primordial curvature perturbations.
Next, we will focus on the quantum treatment of the matter fields and describe the modified dynamics corresponding to the self-induced collapse. There are two main approaches that will be considered in this paper: i) the one in which no particular collapse mechanism is considered, and the collapse process is simply characterized in a phenomenologically inspired scheme; 14, 18, 19 ii) a second approach where a modification of the Schrödinger equation of the CSL type leads naturally to the eventual collapse of the wave function. 20 As mentioned in the introduction, we refer to the first as the collapse schemes approach, and the second one as the continuous spontaneous localization (CSL) inflationary approach.
Quantum treatment and Collapse schemes
The staring point of the treatment is the quantum theory of δφ( x, η) in a curved background described by a quasi-de Sitter space-time. 14, 18, 19 Moreover, it is convenient to work with the rescaled field variable y = aδφ. Both the field y and the canonical conjugated momentum π ≡ ∂δL (2) /∂y = y − (a /a)y = aδφ are promoted to quantum operators so that they satisfy the following equal time commutator relations: [ŷ( x, η),π( x , η)] = iδ( x − x ) and [ŷ( x, η),ŷ( x , η)] = [π( x, η),π( x , η)] = 0. Next, we can expand the field operator in Fourier modes,
with an analogous expression forπ(η, x). Note that the sum is over the wave vectors k satisfying
The equation of motion for the modes reads
with ≡ − 1 + 2 /2. The selection of y k (η) reflects the choice of a vacuum state for the field. We proceed as in standard inflationary models and choose the so-called Bunch-Davies vacuum:
where ν ≡ 3/2 + and H (1) ν (−kη) is the Hankel function of the first kind of order ν.
The collapse hypothesis assumes that at a certain time η c k the part of the state characterizing the mode k randomly "jumps" to a new state, which is no longer homogeneous and isotropic. The collapse is considered to operate similar to an imprecise "measurement," even though there is no external observer or detector involved. Therefore, it is reasonable to consider Hermitian operators, which are susceptible of a direct measurement in ordinary quantum mechanics. Hence, we separateŷ k (η) andπ k (η) into their real and imaginary partsŷ
The commutation relations for theâ
the + and the − sign corresponds to the commutator with the R and I labels respectively; all other commutators vanish. It is also important to emphasize that the vacuum state defined byâ k R,I |0 = 0 is fully translational and rotationally invariant (see the formal proof in Appendix A of ref. 13 ). Next, we need to specify the dynamics of the expectation values ŷ . In the collapse schemes approach, we do not consider a specific collapse mechanism, instead we characterize the post-collapse state by the expectation value and the quantum uncertainty of the fields at the time η c k . In the present work, we will consider only two possibilities for such relations. Namely, the Newtonian and Wigner collapses schemes analyzed in ref. 19 We do not consider the independent scheme studied in the same work since it has been shown 18, 19 that when considering the collapse time η k c = A k + B, the CMB angular spectrum, associated to that scheme, is indistinguishable from the prediction of the standard inflationary model.
Newtonian collapse scheme
In this scheme the collapse affects only the expectation value of the conjugated momentum variable, i.e.,
where, x
represents a random Gaussian variable normalized and centered at zero. The quantum uncertainties of the vacuum state at the time of collapse are:
where α ≡ 1/2 + ν, J ν and Y ν are the Bessel functions of the first and second kind respectively; z k ≡ kη is the time of collapse for each mode.
Wigner collapse scheme
This scheme is motivated by considering the correlation betweenŷ R,I andπ
existing in the pre-collapse state and characterize it in terms of the Wigner function. The Wigner function of the vacuum state is a bi-dimensional Gaussian function. In this scheme, the post-collapse expectation value of the fields will be characterized by
where x R,I k is a random variable, characterized by a Gaussian probability distribution function centered at zero with spread one. The parameter Λ k (η axis. For details involving the Wigner function and the collapse scheme we refer the reader to ref.
14 The explicit expressions for Λ k 19 and Θ k are
where
CSL inflationary approach
The implementation of the CSL model into the slow-roll inflationary model, using the semiclassical gravity framework, has been analyzed originally in ref.
20
Here, we provide the main features of the CSL inflationary model generalized into a quasi-de Sitter spacetime background. The CSL model is based on a modification of the Schrödinger equation. This alteration induces a collapse of the wave function towards one of the possible eigenstates of an operator called the collapse operator with certain rate λ 0 . The objective reduction process is due to the interaction of the system with a background noise W(t), which is a continuous-time stochastic process of the Wiener kind. The parameter λ 0 is the universal CSL parameter that serves to set the strength of the collapse. The value of λ 0 characterizes the rate at which the wave function increases its "localizations" in the eigen-basis of the collapse operator (see 26 for a throughly review). In order to apply the CSL model to the inflationary setting, we will follow the approach first introduced in. 20 That work relies on a version of the CSL model in which the nonlinear aspects of the CSL model are shifted to the probability law. That is, the evolution law is linear just as the Schrödinger equation, but then, the law of probability for the realization of a specific random function, becomes dependent of the state that results from such evolution. Specifically, the theory can be characterized in terms of two equations: The first is a modified Schrödinger equation, whose solution is
T is the time-ordering operator, w(t) is a random classical function of time, of white noise type. The probability for this w(t) is given by the second equation, the Probability Rule
In Ref. 20 it is shown that with the appropriate selection of the field collapse operators and using the corresponding CSL evolution law one obtains collapse in the relevant operators corresponding to the Fourier components of the field and the momentum conjugate of the field. This bypasses any concerns regarding possible mode mixing at the first order in perturbation theory (at higher order there is mode mixing even in the traditional treatments). 7 We also acknowledge at this point that there is no complete version of the CSL theory that is applicable in all situations, ranging from laboratory ones to the ones involving cosmology and black hole space-times. Nevertheless, we adopt the point of view that proposing educated guesses, in combination with phenomenological models applicable to particular situations, allow us to progress in our program. We think this is analogous to the path that took physics down the road that ended with the standard model of particle physics, namely trial and error focusing first on rather specific situations, and then looking for ways to generalize, based on what was found to work in each case.
Given that the CSL model modifies the Schrödinger equation, it is convenient to describe the quantum theory of the inflaton in the Schrödinger picture, where the relevant objects are the wave function and the Hamiltonian.
The Hamiltonian characterizing the inhomogeneous sector of the inflaton is
where y k = aδφ k and π k ≡ y k − Hy k . The indexes R,I denote the real and imaginary parts of y k and π k . We remind the reader that 1 and 2 are the Hubble slow roll parameteres defined at the beginning of this section. We now promote y k and π k to quantum operators, by imposing canonical commutations relations [ŷ
For reasons that will be evident in the following, it is convenient to work with the wave function in the momentum representation. We denote by Φ[π] the wave function characterizing the quantum state of the field. In Fourier space, the wave function can be factorized into mode components
We consider the wave function of each mode of the field to be a Gaussian during the whole evolution. It can be shown 20 that such wave function is of the form:
For the reasons mentioned at the beginning of this subsection, one may apply the CSL reduction mechanism on each mode of the field independently. Therefore, the evolution of the state vector, associated to Φ
T is the time-ordering operator, and τ denotes the conformal time at the beginning of inflation. Note that we have chosen the momentum operatorπ R,I k as the collapse operator. This is motivated by the fact that the metric perturbation Ψ is directly related to the expectation value of the momentum operator, see eq. (5).
The evolution equation, eq. (22), for the wave function, eq. (21), results in a set of dynamical equations for the objects A k (η), B k (τ ) = 0. As a matter of fact, we are only interested in the equation of motion for A k (η) since this quantity is directly related to the primordial spectrum. The analysis of 20 in fact indicates that,
The solution of the latter equation is
with q 2 ≡ k 2 (1 − 2iλ k ) and µ ≡ 1/2 − 1 + 2 /2.
Primordial Power Spectrum for the collapse models
In this section, we briefly review the procedure to obtain the primordial scalar power spectrum for the collapse approaches described in the previous section. Afterwards, in the following sections, we will compare the predictions for the primordial power spectra resulting from the collapse models, with recent CMB data. We begin by characterizing the CMB radiation in terms of the temperature anisotropies Θ(n) ≡ δT /T 0 of the CMB, with T 0 the mean temperature and δT ≡ Tn−T 0 where Tn is the temperature of the CMB radiation in the direction n in the sky. The coefficients a lm of the spherical harmonic expansion of Θ(n) are
withn = (sin θ sin ϕ, sin θ cos ϕ, cos θ) and θ, ϕ the coordinates on the celestial two-sphere. The Fourier decomposition for the temperature anisotropies can be written as follows:
3 )e i k·R Dn with R D being the radius of the last scattering surface. We recall that Θ(n) is directly related to the primordial curvature perturbation. In the comoving gauge, which is the one considered in the numerical code we are going to use in the next section, the curvature perturbation is given by the field R.
In Fourier space, the temperature anisotropies and the initial curvature perturbation are related as Θ( k) = T (k)R k , where T (k) is the transfer function which contains the physics between the beginning of the radiation-dominated era and the present. Consequently, the coefficients a lm , in terms of the modes R k can be expressed:
with j l (kR D ) being the spherical Bessel function of order l.
On the other hand, in the collapse schemes and the CSL inflationary approaches, the theoretical predictions were obtained choosing the longitudinal gauge. In that gauge, the curvature perturbation is characterized by the Newtonian potential Ψ. The relation between Ψ and R is R = Ψ + (2/3)(H −1 Ψ + Ψ)/(1 + ω), with ω ≡ P/ρ. 56 During the inflationary epoch ω + 1 (2/3) 1 .
In fact, for the modes of observational interest R k Ψ k / 1 , with Ψ k given in eq. (5). Hence, eq. (26) can be recasted as,
Furthermore, using eq. (5) and the definition of the conjugated momentum of the fieldŷ, the expression for the coefficients a lm can be expressed in the final form
In the collapse schemes and CSL inflationary approaches, the expectation value π k is a random variable: in the first such random variable is characterized by x k , while in the CSL inflationary approach, each realization of π k corresponds to a particular post-collapse state, the stochasticity of said state is generated from the noise function W. As a consequence, the coefficients a lm , given in eq. (28) , are, in effect, a sum of random complex numbers, just like in an effective two-dimensional random walk. Nevertheless, one cannot give a perfect estimate for the direction of the final displacement resulting from the random walk, instead, one might provide an estimate for the length of the displacement. Thus, we can obtain an estimate for the most likely value of |a lm | 2 , and interpret it as the theoretical prediction for the observed value. Moreover, such estimate can be obtained as follows: given that the collapse is characterized by a random process, we can consider a set of possible realizations of such process leading in each case to a specific universe. That is, we consider an imaginary ensemble of universes, each member of the ensemble is characterized by the set of random variables π k for all k. If we assume no correlation between different modes, and approximate the distribution of π k by a Gaussian, then we can identify the most likely value |a lm | 2 ML with the mean value |a lm | 2 of all possible realizations, i.e., |a lm | 2 ML = |a lm | 2 . The quantity that is used in the statistical analysis to compare with observational data is the angular power spectrum: C l = (2l + 1)
The previous discussion lead us to identify the observed value of |a lm | 2 with the ensemble average |a lm | 2 . Hence, after passing to the continuum, the theoretical angular power spectrum is
where P (k) is a function of k that can be interpreted as an effective power spectrum (dimensionless), which is given by
In the latter equation it is clear that the effective power spectrum is not the same as the one in the standard approach. Indeed the latter is identified with the quantum two-point correlation function 0|R(x)R(y)|0 , while the former, is obtained from the ensemble average of two-product expectation values π k in the post-collapse state. The explicit form of the effective power spectrum depends on whether the collapse schemes or the CSL inflationary approach is being used. 8 
Effective power spectrum in the collapse schemes approach
In the collapse schemes approach, the evolution of the expectation value π k (η) , is calculated in terms of the expectations values π k (η 
where we recall that z k ≡ kη c k while the explicit expressions for the functions F and G are given in ref. 19 The expectation values π k (η ) are characterized for each collapse scheme. In the Newtonian and Wigner schemes, the proposed characterization is shown in eqs. (11) and (14) respectively.
Given that the transfer functions T (k) involved in the final expression for the angular spectrum, eq. (29), encode the post-inflationary evolution of the primordial perturbations, we evaluate π k (η) at a time near the end of the inflationary regime, i.e. when −kη 1. On the other hand, within our assumptions the collapse can take place at any time during inflation. In particular, it can occur when the proper wavelength of the mode is bigger or smaller than the Hubble radius. In this paper, we focus on the case where the proper wavelength associated to the mode is smaller than the Hubble radius, at the time of collapse; in other words k a(η c k )H, which is equivalent to −kη c k 1. Therefore, using eqs. (30) and (31), the equivalent power spectrum that results from the collapse schemes approach is
The predicted amplitude of the power spectrum is similar to the one given in the standard inflationary picture, A s ∝ H 2 /M 2 P 1 . However, the collapse hypothesis modifies the prediction for the spectral index
We recall that in the standard inflationary scenario: n s − 1 = −2 1 − 2 . In addition, there is a new function of the time of collapse Q(z k ) which is different for each collapse scheme; in the Newtonian scheme,
while in the Wigner scheme,
It follows from eq. (32) that if we consider z k independent of k, then we recover the standard shape of the spectrum, that is P (k) std. ∝ k ns−1 . Furthermore, in previous works, 18, 19 small departures from this expression of the form z k = A + Bk, were considered. For this choice of z k the collapse time of each mode reads:
where A is dimensionless and B has units of Mpc. The comparison between the primordial power spectrum, which resulted from the Newtonian/Wigner schemes, and the standard spectrum from the traditional inflationary model has been shown and discussed thoroughly in ref. 19 for different values of A and B . A statistical analysis contrasting the effect of this kind of dependence of collapse time on the mode's wave number on the CMB spectrum with WMAP9 data has been performed in ref. 18 On the other hand, in a recent work, some of us have also studied a different possibility for the dependence of collapse time on the mode's wave number which affects predominantly the low part of the CMB spectrum. 43 Results from a Bayesian model comparison analysis indicate that the data show no preference between the Wigner collapse model and the standard ΛCDM model. Therefore, it is interesting to analyze the effect of the dependence in eq. (36) with recent CMB data and perform a Bayesian model comparison analysis. Here, we mention that the inflationary expansion period corresponds to negative conformal time, so we choose to work with negative values for A and B .
Effective power spectrum in the CSL inflationary approach
As indicated by eq. (30), one needs to compute the average π k π k * in order to provide a prediction for the effective power spectrum. That average is
In the CSL inflationary approach, it can be
The quantity (Re[A(η)]) −1 represents the standard deviation of the squared momentum. It is also the width of every packet in momentum space. The technical steps to obtain the right hand side of eq. (38) are presented in ref. 20 However, in the present work we have generalized those steps to the quasi-de Sitter case.
In particular, we need to use the expression for A k (η), eq. (24), and find a suitable approximation for the case −kη 1, i.e.
where we have defined ζ k e iθ k ≡ √ 1 − 2iλ k . Additionally, the quantity (π R,I k ) 2 can be approximated for the case −kη 1, as (π
with γ k ≡ −kτ − µπ/2 − 3π/4. After inserting eqs. (39) and (40) into eq. (38), one obtains the effective power spectrum from eq. (30). The result is
As in the collapse schemes approach, the amplitude predicted in the CSL approach is the same as in the standard picture
On the other hand, the function C(k) reads
It follows from the latter that when λ k = λ0 k the primordial power spectrum becomes nearly scale invariant, since the most important dependence on k arises from the second term. We have checked that the changes resulting from the oscillatory terms of eq. (42) do not produce important effects in the spectrum. Furthermore, it has been shown that, for the exact the Sitter case the CMB spectrum is not sensitive to the value of λ 0 . 57 We have also verified that this is the case for the nearly invariant de Sitter case analyzed in this paper. Furthermore, just as in the collapse schemes approach, one does not expect an exact 1/k dependence of λ k . Thus we proceed to explore possible effects on the shape of the primordial power spectrum that would result from the following modified dependence:
where we have introduced an extra parameter α. The α/k 2 term is motivated by the findings of a previous work. 43 In such a work, a similar modified dependence was considered in the context of the collapse schemes approach. The study indicated a similar Bayesian evidence as the standard ΛCDM model. Figure 1 , shows the resulting function C(k) for three different values of α. Note that C(k) = 1 means no modification on the standard shape of the power spectrum. We consider λ 0 = 1 τ , where τ depends on two main quantities: the characteristic energy scale of inflation V 0 and the total number of e-folds of inflation N . We note that the effect of considering the CSL model results in an important departure in both the amplitude and shape of the large scale of the primordial power spectrum, with the intensity depending on the value of α. The mentioned difference in shape between the standard primordial power spectrum and the one resulting from the CSL collapse model is most relevant for the lower values of k. On the other hand, λ k must be positive and this requirement implies α > −10 −6 for the relevant k values.
Effects of the self-induced collapse on the CMB spectrum
Next, we explore the effects on the CMB spectrum, when incorporating the self-induced collapse hypothesis within the various approaches considered in and n s = 0.96. We have considered three different values of α (displayed in the figure) . We have assumed standard values for V 0 and N . this paper. Hereafter, we assume as a reference the ΛCDM best-fit model reported by the Planck Collaboration (2015). 589 As regards the collapse schemes, it has already been shown in previous works 18, 19, 43 that if B = 0 then the standard primordial power spectrum is recovered except for an overall normalization factor, just as it does any change in the collapse parameter A . Figures 2 and 3 show the CMB temperature and polarization spectra for the Wigner scheme model using a fixed A value and different values of B . We choose to fix A to an "appropriate" value (we stress that a change in A affects the power spectrum just by an overall normalization) so the value of A s that gives a good fit to the CMB data is the closest to the standard ΛCDM value. At the same time, we chose the values of the cosmological parameters for the collapse scheme models to be the same as the ones of the fiducial model. We noted an increase in the value of the secondary peaks of the temperature power spectrum and a decrease in the values at the valleys for all cases, with the magnitude of the changes depending on the value of B . There is also an increase in the height of the peaks in the EE spectrum, with increasing values of B while for the TE cross correlation temperature we only noted a change in the height of the valleys with the the intensity depending on the value of B . A similar analysis was made for the Newtonian scheme model; the effects on the CMB spectrum were similar, with the main difference being that in this scheme the results are less sensitive to changes in B. fiducial model) for the E-mode spectrum while the temperature-polarization spectrum shows no changes with respect to the fiducial model (see figure 5) . These effects are similar to the ones found in collapse schemes models with η
43 ).
Analysis Method
In this work we consider the two collapse schemes models, i.e. the Newtonian and the Wigner schemes, the CSL collapse model and the ΛCDM one (that we use as a reference).
In our analysis, we vary the usual cosmological parameters, namely, the physical baryon density, Ω b h 2 , the physical cold dark matter density, Ω c h 2 , the ratio between the sound horizon and the angular diameter distance at decoupling, θ, the optical depth, τ , the primordial amplitude, A s , the spectral index n s and the additional collapse parameter A , B and α. We also vary the nuisance foreground parameters 59 and consider purely adiabatic initial conditions. The sum of neutrino masses is fixed to 0.06 eV, and we limit the analysis to scalar perturbations with k * = 0.05 Mpc −1 . We work with flat priors for the cosmological and collapse parameters, and choose to fix the collapse parameter A . As has been discussed in the previous section, the A parameter just affects the primordial spectrum as a change in the amplitude; therefore it is highly degenerate with the A s parameter. Thus, we have tested several values for the A parameter, and fixed a value which satisfies the condition for the conformal collapse time η In order to compare the quantum collapse inflationary models with recent CMB data, we need to compute CMB anisotropies including the modifications in the primordial power spectrum. For this, we modify the public available Code for Anisotropies in the Microwave Background (CAMB). 60 In our analysis, we perform a Monte Carlo Markov chain exploration of the parameters space using the available package CosmoMC 61 and implement the nested sampling algorithm of Multinest code [62] [63] [64] to obtain the Bayesian evidence of the model. For the Bayesian analysis we use the most accurate Importance Nested Sampling (INS) 64, 65 instead of the vanilla Nested Sampling (NS), and we require a INS Global Log-Evidence error ≤ 0.02 .
For the data analysis, we use the current Planck Collaboration release (2015) 58 and BAO data. In particular, we consider the high-Planck temperature data from the 100-,143-, and 217-GHz half-mission T maps, and the low-data by the joint TT,EE,BB and TE likelihood. Also, we consider Baryonic Acoustic Oscillation data by the 6dF Galaxy Survey (6dFGS), 66 SDSS DR7 Main Galaxy Sample (SDSS-MGS) galaxies, 67 BOSS galaxy samples, LOWZ and CMASS.
68
We perform an appropriate comparison between the quantum collapse inflationary models and the standard ΛCDM model predictions using the Bayesian model comparison. This is a powerful tool to favor the models that fit well the data exhibiting strong predictivity, while models with a large number of free parameters, not required by the data, are penalised for the wasted parameter space (we refer the reader to some recent employ on cosmological models [69] [70] [71] [72] [73] [74] ).
We can write the Bayes factor B ij =
, where E Mi is the evidence of the analysed model and E Mj the reference model one. The usual scale employed to The E-mode polarization (EE) auto-correlation power spectrum and differential plot respect to the fiducial model Right: The temperature-E mode polarization (TE) cross correlation power spectrum and differential plot respect to the fiducial model. All models are normalized to the maximum of the first peak of the fiducial model. Note that negative Bayes factor value means support in favor of the reference model j.
Results
Before presenting our results, let us draw attention on the different degeneracy between n s and B for the two collapse schemes models analysed. In figure 6 , we can observe that, for the 78-81 for recent discussions about the H 0 tension). We present the cosmological analysis for the collapse schemes models in tables 1 and 2. We note that the resulting constraints on the parameters' values are in general agreement with those obtained for the ΛCDM model. However, it should be noted that n s and A s are less constrained than in the standard model due to the degeneration of these parameters with B . On the other hand, while the main value of the primordial amplitude is in agreement with that obtained for the ΛCDM model in the Wigner model, we note a shift in the one obtained for the Newtonian scheme. Furthermore, we also note that the constraints on B are narrower in the Wigner scheme than the Newtonian one. This reflects the increased sensibility of the observational predictions of this model to small variations of the B parameter value.
In the last lines of tables 1 and 2 we report the ∆χ 2 and the Bayes factor ln B ij for the models with respect to the standard cosmological one. For the Newtonian scheme, the χ 2 value is better than the ΛCDM one of one point while in the Wigner scheme the improvement over the ΛCDM model is 1.9. However, the data show a moderate preference for the ΛCDM model over the Newtonian model and a weak preference over the Wigner one. This is due to the spread in the non-gaussian profile of the posterior probability distributions for B .
In order to improve these results, we also compared the predictions of the collapse scheme model with the BAO data. Indeed, the imprint of baryon acoustic oscillations in large-scale structure are a powerful tool for mapping out the cosmic expansion history and constrain the cosmological parameters. Given that the Wigner scheme is more sensitive to changes with the B parameter, and also shows a better Bayesian evidence than the Newtonian scheme, we select it for this second analysis. In table 3 we report the results for the joint CMB and BAO data set. We can see that the values of the cosmological parameters are more strongly constrained but, at the same time the constraints on B show almost no difference when the BAO data are considered (see also the figure  7) . Furthermore, the data show moderate Bayesian preference for the Wigner scheme model over the ΛCDM model for the CMB+BAO data. We stress that, comparing with the Bayesian evidence of the tables 1 and 2, the Wigner scheme shows very closed value while the ΛCDM model gets a value worst of about 6 points. This means that the improving in the B ij is mainly due to a worst fit of the ΛCDM data of the new dataset, while the Wigner scheme proves to be more conservative. Now, we look to the cosmological analysis of the CSL collapse model. The results are in table 4, where we note an excellent agreement between the parameters values obtained from the analysis of the CSL collapse and the ΛCDM model. Moreover, in this case there is no degeneration between n s and the α collapse parameter (see figure 8 ) and no increase of n s constraints is encountered for this model. On the other hand, the α parameter is not well constrained, and just an upper bound was obtained from the statistical analysis. In this case, we do not analyze the CSL model using BAO data since the theoretical prediction of this model differs from the standard model one only at very large angular scales. On the other hand, it is well known that BAO bumps are observed only at low angular scales, which means that the BAO data provide no useful information from large angular scales. 82 Finally, we note that the data show the same Bayesian preference for this model and the standard cosmological one.
Conclusions
In this paper, we have studied the phenomenological predictions of two different collapse proposals: the collapse scheme approach and the Continuous Spontaneous Localization inflationary collapse approach. For the former, we have considered the Newtonian and Wigner collapse schemes with the collapse time η c k = A/k + B. For the latter, we have considered the conjugated momentum of the inflaton field as the collapse operator.
We have performed a statistical analysis in order to compare the predictions of the theoretical models with recent CMB and BAO data. Our findings indicate that collapse inflationary models are compatible, for the appropriate choice of the values of the free parameters with recent CMB and BAO data. Furthermore, for the collapse schemes considered in this work we have obtained stringent bounds on the collapse parameter B which characterizes the dynamics of collapse time of each mode η c k . We have also obtained an upper bound on the parameter α of the CSL model which is related to the strength of the collapse. In addition, the values obtained for the cosmological parameters are consistent with those obtained by the Planck collaboration assuming a standard inflationary scenario. On the other hand, the constraints obtained for n s , within the collapse schemes approach, are less stringent than those obtained in the context of the standard inflationary scenario. As a consequence, inflationary potentials that were discarded in such a context, could be reconsidered in the collapse proposal. Finally, results from the Bayesian model comparison method show a preference of the Wigner collapse model over the reference model when BAO data are included in the analysis, while there is no such preference when just the CMB data are considered. Moreover, the CSL collapse model gives the same Bayesian evidence as the standard ΛCDM model, while the latter is preferred over the Newtonian scheme collapse model. 
